Cubic Critical Portraits and Polynomials with Wandering Gaps by Blokh, A. et al.
CUBIC CRITICAL PORTRAITS AND POLYNOMIALS WITH
WANDERING GAPS
ALEXANDER BLOKH, CLINTON CURRY, AND LEX OVERSTEEGEN
ABSTRACT. Thurston introduced σd-invariant laminations (where σd(z)
coincides with zd : S1 → S1, d ≥ 2) and defined wandering k-gons as
sets T ⊂ S1 such that σnd (T) consists of k ≥ 3 distinct points for all
n ≥ 0 and the convex hulls of all the sets σnd (T) in the plane are pair-
wise disjoint. He proved that σ2 has no wandering k-gons.
Call a lamination with wandering k-gons a WT-lamination. In a re-
cent paper it was shown that uncountably many cubic WT-laminations,
with pairwise non-conjugate induced maps on the corresponding quo-
tient spaces J , are realizable as cubic polynomials on their (locally con-
nected) Julia sets. Here we use a new approach to construct cubic WT-
laminations with the above properties so that any wandering branch point
of J has a dense orbit in each subarc of J (we call such orbits condense),
and show that critical portraits corresponding to such laminations are
dense in the space A3 of all cubic critical portraits.
1. INTRODUCTION
1.1. Preliminaries. Let C be the complex plane and Ĉ = C ∪ {∞} be the
complex sphere. Theorem 1.1.1 is a special case of a theorem of Thurston
[17, Theorem II.5.2].
Theorem 1.1.1 (No wandering vertices for quadratics). Let P (z) = z2 + c
be a polynomial which has connected Julia set JP . Then, if z0 ∈ JP is a
point such that JP \ {z0} has at least three components, then z0 is either
preperiodic or eventually maps to the critical point 0.
A point z0 ∈ JP is called a vertex if JP \ {z0} has at least three compo-
nents, and a vertex is called wandering if it is not periodic and never maps
to a critical point. It is shown in [4, Theorem 1.1] that there exist uncount-
ably many cubic polynomials, each of which has a locally connected Julia
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set and a wandering vertex. Here we improve on these examples by con-
structing uncountably many cubic polynomials with locally connected Julia
sets whose wandering vertices have condense orbits, where a set A ⊂ X is
called condense if A intersects every non-degenerate subcontinuum of X .
This is much stronger than the density of the orbit of z0 in J (e.g., most
subcontinua of dendritic Julia sets are nowhere dense); see [2] for some
consequences of having a condense orbit. To state our results precisely, we
first briefly describe Thurston’s theory of invariant laminations.
Laminations were introduced by Thurston [17, Definition II.4.2] as a tool
for studying individual complex polynomials P : Ĉ → Ĉ and their param-
eter space. Let P be a degree d polynomial with a connected Julia set JP .
Its filled-in Julia set KP is compact, connected, and full, so its complement
Ĉ\KP is conformally isomorphic to the open unit diskD. By [13, Theorem
9.5] one can choose a conformal isomorphism Ψ : D → Ĉ \KP so that Ψ
satisfies Ψ(zd) = (P |Ĉ\KP ◦ Ψ)(z) for all z ∈ D. For a locally connected
Julia set JP , the map Ψ extends to a continuous map Ψ : D → Ĉ \KP
[13, Theorem 17.14], semiconjugating z 7→ zd on D to P |
Ĉ\KP . Let ψ :
S1 → JP denote the restriction Ψ|S1 , and let σd : S1 → S1 denote the map
z 7→ zd. Define an equivalence relation∼P on S1 so that x ∼P y if and only
if ψ(x) = ψ(y), and call it the σd-invariant lamination generated by P . The
quotient space S1/∼P = J∼P is homeomorphic to JP and the induced map
f∼P : J∼P → J∼P defined by f∼P = ψ ◦ σd ◦ ψ−1 is conjugate to P |JP .
One can introduce abstract laminations (frequently denoted by∼) as equiv-
alence relations on S1 similar to laminations generated by polynomials as
above (see Section 2). We call J∼ = S1/ ∼ a topological Julia set, and
denote the map induced by σd on J∼ by f∼.
Laminations are also used in studying the space Pd ∼= Cd−1 of degree
d ≥ 2 monic centered polynomials z 7→ zd+ad−2zd−2 + · · ·+a0. The con-
nectedness locus of Pd is the set Cd of parameters in Pd for which the Julia
set is connected (which is a continuum by [5, Corollary 3.7] and [12]). The
set C2 is called the Mandelbrot set and is denoted byM. Thurston [17, Def-
inition II.6.9] defined a “meta-lamination”, referred to as QML, and showed
that the closure of the space of all σ2-invariant (quadratic) laminations can
be thought of as the quotient space S1/QML = Mc, a locally connected
continuum that serves as a combinatorial model of the boundary ofM. The
exact relationship betweenMc andM is unknown. Thurston conjectured
that the boundary ofM is homeomorphic toMc, which, if true, would im-
ply thatM is locally connected. A crucial role in his study is played by the
next theorem.
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No Wandering Triangles Theorem ([17, Theorem II.5.2]). Let ∼ be a σ2-
invariant lamination. If g is a ∼-class of cardinality at least three, then g
is either eventually critical or eventually periodic.
Thus, branch points in degree 2 topological Julia sets either are precritical
or preperiodic, which can be regarded as a generalization of the correspond-
ing property of continuous maps of finite graphs. Also, it follows from the
No Wandering Triangles Theorem that branch points ofMc correspond to
laminations with preperiodic critical classes. This makes the problem of
extending Thurston’s result to higher degrees, posed by Thurston in [17],
important. Indeed, J. Kiwi [8, Theorem 1.1] answers this call by showing
that a wandering non-precritical gap in a σd-invariant lamination is at most
a d-gon. Thus all infinite∼-classes and Jordan curves in J∼ are preperiodic.
Later on [3, Theorem B] it was shown that if Γ is a non-empty collection of
wandering non-precritical dj-gons (j = 1, 2, . . . ) of a σd-invariant lamina-
tion with distinct grand orbits, then
∑
Γ(dj − 2) ≤ d − 2. Thus, there are
bounds on the number of wandering gaps with distinct grand orbits.
However, even for σ3-invariant (henceforth cubic) laminations wandering
triangles exist: by [4], Theorem 1.1, there are uncountably many pairwise
non-conjugate cubic polynomials P which have dendritic Julia sets with
a wandering branch point. Hence for each such polynomial P the corre-
sponding lamination ∼P has a wandering triangle. Since the construction
in [4] is quite specific, the corresponding “wandering” dynamics might be
rare.
This paper gives a more general and flexible construction than that in
[4], extending the above. Let A3 be the space of all cubic critical portraits.
We construct cubic laminations such that the forward orbit of a wandering
triangle is dense in the entire lamination (this is much stronger than in [4]),
and prove that their critical portraits form a locally uncountable and dense
subset of A3. Thus, critical portraits with wandering vertices in their Julia
sets are not rare. Even more, the topological polynomial of each of these
laminations is conjugate to a polynomial restricted to its Julia set by [2].
In conclusion we want to thank the referees for careful reading of the
manuscript and useful remarks which helped us improve the paper.
1.2. Statement of the results. We parameterize the circle as S1 = R/Z
with total arclength 1. In this parameterization the map σd corresponds to
the map t 7→ d · t mod 1. The positive direction on S1 is counterclockwise,
and by an arc (p, q) in S1 we mean the positively oriented arc from p to q.
A monotone map g : (p, q) → S1 is a map such that for each y ∈ S1 the
set g−1(y) is connected. A monotone map is called strictly monotone if it is
one-to-one. Given a set A ⊂ S1, we denote the cardinality of A by |A| and
the convex hull of A in the closed unit disk by Ch(A) (for our purposes it
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does not matter whether we use the Euclidian or the hyperbolic metric). In
what follows, given a map g, a (g-)image of a set A is the image of A under
an iterate of g while the first (g-)image of a set A is the set g(A). Similar
language will be used for preimages.
Given an equivalence relation∼ on S1, the equivalence classes are called
(∼-)classes and are denoted by boldface letters. A ∼-class consisting of
two points is called a leaf ; a class consisting of at least three points is called
a gap (this is more restrictive than Thurston’s definition in [17]).
Fix an integer d > 1. Then an equivalence relation ∼ is said to be a
σd-invariant lamination if:
(1) ∼ is closed: the graph of ∼ is a closed set in S1 × S1;
(2) ∼-classes are pairwise unlinked: if g1 and g2 are distinct∼-classes,
their convex hulls Ch(g1),Ch(g2) in the closed unit disk D are dis-
joint;
(3) ∼-classes are totally disconnected (and hence ∼ has uncountably
many classes) provided S1 is not one class;
(4) ∼ is forward invariant: for a class g, the set σd(g) is also a class;
(5) ∼ is backward invariant: for a class g, its first preimage σ−1d (g) =
{x ∈ S1 : σd(x) ∈ g} is a union of classes; and
(6) ∼ is gap invariant: for any gap g, the map σd|g : g → σd(g) is
a covering map with positive orientation, i.e., for every connected
component (s, t) of S1 \g the arc (σd(s), σd(t)) is a connected com-
ponent of S1 \ σd(g).
Notice that (3) and (5) are implied by (4).
Call a class g critical if σd|g : g→ σd(g) is not one-to-one, and precriti-
cal if σjd(g) is critical for some j ≥ 0. Call g preperiodic if σid(g) = σjd(g)
for some 0 ≤ i < j. A gap g is wandering if g is neither preperiodic
nor precritical, and a lamination which has a wandering gap is called a WT-
lamination. For a lamination ∼, let J∼ = S1/ ∼, and let pi∼ : S1 → J∼
be the corresponding quotient map. Then the map f∼ : J∼ → J∼ defined
by f∼ = pi∼ ◦ σd ◦ pi−1∼ is the map induced on J∼ by σd (the map f∼ is
well-defined in view of (4)). We call f∼ a topological polynomial, and J∼ a
topological Julia set.
Though we define laminations as specific equivalence relations on S1,
one can also work with a corresponding collection of chords, called a geo-
metric (σd-invariant) lamination. Given a σd-invariant lamination ∼, its
geometric lamination (L∼, σ3) is defined as the union of all chords in the
boundaries of convex hulls of all ∼-classes; the map σ3 is then extended
over L∼ by linearly mapping each chord in L∼ forward. Clearly, L∼ is a
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closed family of chords of D (in the above situation we also include degen-
erate ∼-classes in the list of chords). Geometric laminations have proper-
ties similar to the properties of the laminations introduced by Thurston [17,
Definition II.4.2]. One of the main ideas of this paper is to study finite trun-
cations of geometric laminations (L∼, σ3) defined up to an order preserving
conjugacy and considering such finite laminations as purely combinatorial
objects.
1.2.1. Critical portraits. Fix d ≥ 2. A key tool in studying Cd is critical
portraits, introduced in [6], and widely used afterward [1, 7, 10, 14, 15]. We
now recall some standard material. Here we follow [10, Section 3] closely.
Call a chord of the circle, with endpoints a, b ∈ S1, critical if σd(a) = σd(b).
Definition 1.2.1. Fix d ≥ 2. A (σd-)critical portrait is a collection Θ =
{Θ1, . . . ,Θn} of finite subsets of S1 such that the following hold.
(1) The boundary of the convex hull Ch(Θi) of each set Θi consists of
critical chords;
(2) the sets Θ1, . . . ,Θn are pairwise unlinked (that is, their convex
hulls are pairwise disjoint); and
(3)
∑
(|Θi| − 1) = d− 1.
To comment on Definition 1.2.1 we need the following terminology: the
sets Θ1, . . . ,Θn are called the initial sets of Θ (or Θ-initial sets). The con-
vex hulls of the Θ-initial sets divide the rest of the unit disk D into compo-
nents. Consider one such component, say U . Then ∂U consists of circular
arcs and critical chords `1, . . . , `k. If we extend σd linearly on the chords in
the boundary of U , then, by Definition 1.2.1, ∂U maps onto S1 one-to-one
except for the collapsing critical chords `1, . . . , `k. In fact, Definition 1.2.1
is designed to achieve this dynamical property related to situations of the
following kind. Suppose that P is a polynomial of degree d with dendritic
(i.e., locally connected and containing no simple closed curve) Julia set JP
such that all its critical values are endpoints of JP . Then the arguments
of rays landing at the critical points of P form the initial sets of a certain
critical portrait associated with this polynomial.
Let Θ be a critical portrait. Denote by A(Θ) the union of all angles from
the initial sets of Θ. As was remarked above, the convex hulls of the Θ-
initial sets divide the rest of the unit disk D into components. According to
Definition 1.2.2, points of S1 \A(Θ) belonging to the boundary of one such
component will be declared equivalent. However, since we need this notion
in more general situations, we will not assume in Definition 1.2.2 that Θ is
a critical portrait.
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Definition 1.2.2 ([1], [6], [7], [10, Definition 3.4]). Let Θ = {Θ1, . . . ,Θn}
be a finite collection of pairwise unlinked finite subsets of S1 (not necessar-
ily a critical portrait). Angles α, β ∈ S1 \A(Θ) are Θ-unlinked equivalent
if {α, β}, Θ1, . . . , Θn are pairwise unlinked (i.e., if the chord αβ is disjoint
from the
⋃k
i=1 Ch(Θk)). The classes of equivalence L1(Θ), . . . , Ld(Θ) are
called Θ-unlinked classes. Each Θ-unlinked class L is the intersection of
S1 \ A(Θ) with the boundary of a component of D \ ⋃Ch(Θi). If Θ is a
degree d critical portrait, then each Θ-unlinked class of Θ is the union of
finitely many open (in S1) arcs of total length 1/d. Thus, in this case there
are precisely d Θ-unlinked classes.
We introduce the following topology on the set of critical portraits.
Definition 1.2.3 (compact-unlinked topology [10, Definition 3.5]). Define
the space Ad as the set of all degree d critical portraits. We endow it with
the compact-unlinked topology: the coarsest topology onAd such that, for
any compact set X ⊂ S1, the set of critical portraits whose critical leaves
are unlinked with X is open.
For example,A2 is the quotient of the circle with antipodal points identi-
fied, so it is homeomorphic to S1. As another example, take a cubic critical
portrait which consists of a triangle T with vertices a, b, c and three critical
edges, and choose compact sets X1, X2, and X3 in the three components
of S1 \ {a, b, c}. Then every neighborhood of T includes critical triangles
close to T and pairs of disjoint critical leaves each of which is close to an
edge of T .
For a critical portrait Θ, a lamination ∼ is called Θ-compatible if all Θ-
initial sets are subsets of ∼-classes. The trivial lamination which identifies
all points of the circle is compatible with any critical portrait. If there is a
Θ-compatible WT-lamination, Θ is called a critical WT-portrait.
An important tool for describing the dynamics of a lamination is the
itinerary. For simplicity and because it suits our purpose, the following is
defined for critical portraits consisting of d − 1 disjoint critical leaves. For
a critical portrait Θ and a point t ∈ S1, we define two types of itineraries:
one-sided itineraries, denoted itin+(t) and itin−(t) which are sequences
of Θ-unlinked classes (see [10, Definition 3.13]), and the itinerary itin(t)
corresponding to the Markov partition into Θ-unlinked classes and ele-
ments of Θ. We define itin+(t) = i+0 i
+
1 i
+
3 . . . where i
+
k is the Θ-unlinked
class which contains the interval (σkd(t), σ
k
d(t) + ) for some small  > 0;
itin−(t) = i−0 i
−
1 . . . is similarly defined. We define itin(t) = i0i1i2, . . . such
that ik is the Θ-unlinked class or critical leaf containing σkd(t). Thus, if σ
k
d(t)
is not an endpoint of a critical leaf, then ik, i+k , and i
−
k are all equal, and if
σkd(t) is an endpoint of a critical leaf, then ik, i
+
k , and i
−
k are all different.
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An important class of critical portraits are critical portraits with aperi-
odic kneading. A critical portrait Θ with d− 1 critical leaves has aperiodic
kneading if for each angle θ ∈ A(Θ) the itineraries itin+(θ) and itin−(θ)
are not periodic [10, Definition 4.6]. The family of all critical portraits with
d− 1 critical leaves and aperiodic kneading sequence is denoted by APd.
Definition 1.2.4 (Definition 4.5 [10]). Let Θ be a critical portrait with ape-
riodic kneading. The lamination ∼Θ is defined as the smallest equivalence
relation such that if itin+(x) = itin−(y) then x and y are ∼Θ-equivalent; it
is said to be the lamination generated by Θ.
Now we quote a fundamental result of Kiwi [10] (see also [9]). To state it
we need the following definitions. A map ϕ : X → Y from a continuum X
to a continuum Y is said to be monotone if ϕ-preimages of points are con-
tinua. A dendrite is a locally connected non-degenerate continuum which
contains no subsets homeomorphic to S1.
Theorem 1.2.5 ([9, 10]). Let Θ ∈ APd. Then the lamination ∼Θ is the
unique Θ-compatible σd-invariant lamination, J∼Θ is a dendrite, all ∼Θ-
classes are finite, and there exists a polynomial P whose Julia set JP is a
non-separating continuum in the plane such that P |JP is semiconjugate to
f∼Θ |J∼Θ by a monotone map ψ : JP → J∼Θ . For each P -preperiodic point
x ∈ JP the set ψ−1(ψ(x)) = {x}. Furthermore, JP is locally connected at
preperiodic points.
Remark 1.2.6. This theorem is an amalgamation of several results of Kiwi;
we will describe those results here. Suppose that Θ satisfies the hypothesis.
Then, by [10, Corollary 3.26], there is a polynomial P with connected Julia
set whose critical portrait is Θ. By [10, Theorem 1], all cycles of P are re-
pelling, and the real lamination of P is the unique Θ-compatible lamination.
By [9, Theorem 5.12], P |JP is monotonically semiconjugate to f|∼Θ; since
JP is non-separating, it follows that J∼Θ is a dendrite. That the monotone
projection ψ : JP → J∼Θ is one-to-one at P -preperiodic points follows
from [9, Theorem 2], and that JP is locally connected at P -preperiodic
points follows from [9, Corollary 1.2].
1.2.2. Condensity and main results. For a topological space X , a set A ⊂
X is continuum-dense (briefly, condense) in X if A ∩ B 6= ∅ for each non-
degenerate continuum B ⊂ X . If X is a dendrite, A is condense in X if
and only if A intersects every open arc. A condense set A is dense in X ,
but condensity is stronger than density; for example, the set of endpoints of
a non-interval dendritic Julia set J is residual, dense and disjoint from all
non-degenerate open arcs in J . If x is a point with condense orbit in the
Julia set JP of a polynomial P , then JP is a dendrite or a Jordan curve [2,
Theorem 1.4].
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LetWT3 be the family of all cubic critical WT-portraits.
Main theorem. For each open U ⊂ A3 there is an uncountable set B ⊂
U ∩ APd ∩WT3 such that the following facts hold:
(1) there exists a wandering branch point in J∼Θ whose orbit is con-
dense in J∼Θ;
(2) the maps {f∼Θ|J∼Θ | Θ ∈ B} are pairwise non-conjugate;
(3) for each Θ ∈ B there exists a cubic polynomial PΘ such that PΘ|JPΘ
is conjugate to f∼Θ|J∼Θ .
2. COMBINATORIAL CONSTRUCTION
Let us recall that by a cubic WT-lamination we mean a σ3-invariant lami-
nation which admits a wandering (i.e., non-precritical and non-preperiodic)
gap. By [3, Theorem B], a wandering gap in such a lamination is a triangle.
We construct a cubic WT-lamination by means of a sequence ((Li, gi))∞i=1 of
finite cubic critical laminations, where (Li+1, gi+1) continues (Li, gi) (the
definitions are given below). There is a limit lamination L = ⋃∞i=1 Li with
a map g defined on
⋃L = ⋃∞i=1(⋃Li) so that g and gi agree on Li for each
i. By Theorem 3.3 of [4],
⋃Li can be embedded in S1 by means of an order
preserving map so that the map induced on its image can be extended to σ3.
This will give rise to the desired invariant cubic WT-lamination.
Unlike [4] (where the construction was rather specific), we are concerned
not only with the existence of wandering triangles, but also with how com-
plicated and dense their dynamics can be. In addition, we investigate how
common WT-critical portraits are in A3. To address these issues, we de-
velop a construction with new features. Compared to [4] they can be sum-
marized as follows: (1) all preimages of both critical leaves are repre-
sented in ((Li, gi))∞i=1, and the wandering triangle approaches them all (this
part is responsible for showing that the corresponding quotient spaces –
i.e., topological Julia sets – are dendrites with wandering non-precritical
branch points whose orbits are condense); (2) the initial segments of the
constructed laminations can be chosen arbitrarily close to any given finite
lamination (this part is responsible for the density of WT-critical portraits
in A3).
2.1. Finite laminations. In this section we study finite cubic laminations,
in particular finite cubic WT-laminations modeling a σ3-invariant geometric
lamination with a wandering triangle at a finite step of its orbit. For instance,
if∼ is a cubic invariant lamination with a wandering triangleT1 and critical
leaves c and d, then a collection consisting of c, d, finitely many of their
images and preimages, and finitely many images of T1, form a finite cubic
WT-lamination (where g is the restriction of σ3).
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Definition 2.1.1 (Finite laminations). We will be interested in three levels
of specialization for finite laminations.
Finite lamination: A finite lamination is a finite collectionL of finite,
pairwise unlinked subsets of S1. The elements of L are called L-
classes, and the union of points of all L-classes is the basis of L. By
a sublamination of a finite lamination L we mean a subcollection of
L-classes.
Dynamical lamination: A dynamical lamination is a pair (L, g) where
L is a finite lamination, g is a map defined on the basis of a finite
sublamination L̂ of L which can be extended to a covering map of
S1 of degree 3 that maps L̂-classes onto L-classes. Note that the
pair (L, g) determines L̂ since by definition Dom(g) is the basis of
L̂. Any class on which g is not defined is called a last class of L.
Critical lamination: A dynamical lamination (L, g) is critical if there
are two-point classes c and d of L, called the critical leaves of L,
modeling a cubic critical portrait: g(c) and g(d) are points, and ev-
ery {c,d}-unlinked class, intersected with the domain of g, maps
forward in an order-preserving fashion.
To establish similarity among finite laminations we need Definition 2.1.2.
Definition 2.1.2. A bijection h : X → Y between sets X, Y ⊂ S1 is an
order isomorphism if it preserves circular order. If A,A′ ⊂ S1, we say
maps f : A → A and g : A′ → A′ are conjugate if they are conjugate in
a set-theoretic sense by an order isomorphism h : A → A′. Note that we
do not require that an order isomorphism is continuous. Finite (dynamical)
laminations L and L′ are order isomorphic if there is a (conjugating, re-
spectively) order isomorphism between
⋃L and ⋃L′ that sends L-classes
to L′-classes.
L-classes could be of three distinct types.
Definition 2.1.3. For a finite lamination L, we refer to L-classes consist-
ing of one point as buds, of two points as leaves, of 3 points as triples
(triangles), and to all L-classes consisting of more than 2 points as gaps.
We identify classes with their convex hulls in D. The convex hulls of
leaves, triples (triangles), and gaps are also called leaves, triples (triangles),
and gaps. The boundary chords of a non-degenerate class are called edges.
In particularly, every leaf is an edge. We often talk of L̂ when we really
mean
⋃ L̂ and regard the map g as mapping the convex hull of a class of L̂
to the convex hull of a class of L. Chords of D are denoted a, b etc; a chord
with endpoints x, y is denoted by xy.
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Given an interval (p, q) ⊂ S1, a strictly monotonically increasing map g :
(p, q)→ S1 is a strictly monotone map which preserves circular orientation.
For A ⊂ S1, a map f : A → f(A) is of degree 3 if there are x0 < x1 <
x2 < x3 = x0 with f |A∩[xi,xi+1) strictly monotonically increasing for all
i = 0, 1, 2 and there are no two points with the same property.
Definition 2.1.4. A critical lamination (L, g), which contains a designated
triple T1 as a class, is called a finite cubic WT-lamination if:
(1) (L, g) is of degree 3;
(2) L has a pair of disjoint critical leaves C = {c,d};
(3) each class a ∈ L satisfies exactly one of the following:
• a is a bud, in which case a = gj(c) for some j or a = gk(d)
for some k (but not both),
• a is a leaf such that gi(a) is a critical leaf for some i, or
• a is a triple such that a = gn(T1) for some n
(so leaves in L are pullbacks of c or d, buds are images of c or d,
and triangles are images of T1);
(4) all classes from the grand g-orbits of T1, c, and d are unlinked.
We will always denote the nth triple in the orbit of T1 as Tn = gn−1(T1).
The last classes of L, which are eventual images of T1, c and d, are denoted
by Tl(L) = Tl, c′(L) = c′ and d′(L) = d′; we call Tl the last triple of L
(here, the superscript l stands for “last”).
Observe that in Definition 2.1.4 we stipulate that no bud of a finite cubic
lamination is the common image of both critical leaves. This is because a
cubic lamination with a wandering triangle must have two critical leaves
with disjoint orbits [3, Theorem A].
2.2. Continuing to a cubic WT-lamination. We will build larger and larger
finite laminations, only achieving a true lamination with a wandering trian-
gle in the limit. We say that a dynamical lamination (L′, g′) continues a
dynamical lamination (L, g) if
(1) L ⊂ L′ and L̂ ⊂ L̂′;
(2) g and g′ have the same degree 3; and
(3) g′|Dom(g) = g.
A natural way to continue a finite lamination uses admissible extensions
of the map g to the circle. A covering map F : S1 → S1 of degree three such
that F |Dom(g) = g is said to be an admissible extension of g if F restricted
to any complementary interval of Dom(g) = L̂ is strictly monotonically
increasing. Let F be an admissible extension of g. A forward continuation
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is a continuation such that all elements of L′ \ L are forward images of L-
classes. If (L, g) is a finite cubic WT-lamination, then F is a first forward-
continuing extension of g if (L∪ {F (T l)}, F |L̂∪{T l}) = (LF , F |L̂∪{T l}) is a
dynamical lamination (where Tl is the last triple of L); then (LF , F |L̂∪{T l})
is called the (first) forward continuation of (L, g) associated to F .
A backward continuation is a continuation such that all elements ofL′\L
eventually map to L-classes. A natural way to construct backward contin-
uations is to pull classes back under an admissible extension of g. Let F
be an admissible extension of g, let U be a L̂-unlinked class containing no
L-class, and let x be any L-class contained in F (U). The unambiguous
backward continuation of (L, g) (pulling x into U under F ) is the back-
ward continuation (L′, g′) such that L′ = L ∪ {x′}, where x′ is the first
F -preimage of x in U , and
g′(t) =
{
g(t) if t ∈ ⋃ L̂
F (t) if t ∈ x′ .
As we prove in the following Lemma, unambiguous backward continua-
tions are combinatorially unique, and therefore may be accomplished with-
out reference to a particular admissible extension. For this reason, we
can also iteratively construct unambiguous backward continuations with-
out worry. We will also call such continuations unambiguous backward
continuations.
Lemma 2.2.1. Let (L, g) be a critical lamination, let U be a L̂-unlinked
class, and let x be a L-class. If F is an admissible extension of g such that
F (U) contains x, then the unambiguous extension (L′, g′) pulling x into
U under F is defined and is a critical lamination of the same degree. Fur-
ther, for any other admissible extensions F ′ of g, the backward continuation
pulling x into U under F ′ is defined and isomorphic to (L′, g′).
Proof. Since L contains two critical leaves and is of degree 3, then F |U is
one-to-one and order preserving, and the image set F (U) is independent
of the particular extension F . Construct (L′, g′) as the unambiguous back-
ward continuation pulling x into U under F . Since F |U is order-preserving,
the resulting lamination (L′, g′) is of the same degree. Further, for any
other extension F ′, we see that the corresponding unambiguous continua-
tion (L′′, g′′) is conjugate to (L′, g′) by the map f : ⋃L′ → ⋃L′′ defined
by
f(t) =
{
t if t /∈ x′
(F ′|−1U ◦ F )(t) if t ∈ x′
where x′ is the g′-preimage of x. 
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c
d
T
T1T2
T3
g(c) g(d)
FIGURE 2.2.1. Consider the finite dynamical lamination
L = {c,d,T, g(c), g(d)} pictured here and a few possible
backward continuations of (L, g) whose new elements are
pictured in dotted lines. It is evident that all backward con-
tinuations of (L, g) adding only a first preimage of T under
d (likeT3, as illustrated) are order isomorphic. However, the
choice of a first preimage of T in the component of S1 \ c,
containing the last classes g(c) and g(d), is ambiguous; T1
and T2 illustrate choices giving rise to backward continua-
tions which are not order isomorphic.
Observe that a backward continuation is not always unambiguous; given
a class, if we wish to find a preimage in a L-unlinked class U containing a
last class of L, different admissible extensions can give rise to finite lami-
nations that are not order isomorphic. In such a situation, we must specify
exactly where the pull back of the image class is located in U with respect
to all last classes contained in U . See Figure 2.2.1.
Definition 2.2.2. For a critical lamination (L, g) with critical leaves C =
{c,d}, a L-itinerary is a finite string i0i1 . . . in of C-unlinked classes and
critical classes. A L-itinerary which contains no critical classes is called
non-critical. A L-itinerary whose last element, but no other, is a critical leaf
is called end-critical. We associate to x ∈ S1 (not necessarily contained in
any L-class) the maximal L-itinerary itinmax(x) = I0I1I2 . . . of x, which is
the (typically finite) maximal well-defined sequence of C-unlinked classes
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and critical classes such that for every admissible extension F of g we have
that F j(x) ∈ Ij; itinmax(x) begins at the moment zero, i.e. at the C-unlinked
class or critical class containing x. An initial string of the maximal L-
itinerary of x is said to be a L-itinerary of x.
An arbitrary itinerary is not assumed to be realized by an element of
a critical lamination, but is considered only as a potential itinerary of an
element of L. However, if m is a L-class we can also define for it an
itinerary of different length. Namely, the true L-itinerary itintrue(m) is the
maximal sequence of C-unlinked classes and critical classes containing the
g-images of m as long as these g-images are still L-classes. Since the g-
images of L-classes are L-classes, itintrue(m) coincides with an appropriate
initial string of itinmax(x) for each x ∈ m. For example, the true itinerary
of a last class has only one entry, while its maximal itinerary may have
many entries. If L is fixed, we may talk about itineraries without explicitly
mentioning L.
2.3. Main continuation lemma. Here, we describe the main ingredients
used in the construction of finite laminations in the next section. First we
define the following concept. Suppose that A and B are either edges or
classes of a finite lamination L such that A∩B is at most a point. Consider
components of D \ (Ch(A) ∪ Ch(B)) and choose among them the unique
component X which borders both A and B. This component X is called
the part of D between A and B. Also, recall that by leaves we mean all
L-classes consisting of two points (as well as their convex hulls) while by
edges we mean boundary chords of convex hulls of L-classes.
Definition 2.3.1 (Adjacent, leaf-like). Two classes (or edges) are adjacent
if the part of D between them is disjoint from L. A triple T is leaf-like if
exactly one of the components of S1 \T is disjoint from L; if T is leaf-like
and adjacent to a bud x, then the short edge of T is the edge s of T adjacent
to x, the long edge of T is the edge ` of T separating T \ ` (and x) from
the rest of L, and the empty edge of T is the remaining edge of T. A leaf
is always considered to be leaf-like. The arc under a leaf t is the (open)
component of S1 \ t which contains no class of L, if such an interval exists.
Finally, if a is an edge of a triple T, then the arc under a is the component
of S1 \ a which does not contain T \ a. Observe that the notion of the arc
under a leaf and that of the arc under an edge of a triangle have somewhat
different meaning. These notions are illustrated in Figure 2.3.1.
Definition 2.3.2 (c-lamination). Let (L, g) be a finite cubic WT-lamination.
We say that (L, g) is a c-lamination if there is a triple Td, a preimage
m(L) = m of c, and a preimage `(L) = ` of d such that the following
hold.
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α
β
γ
p
r
q
s
x
y
t
T1
T2
T3
FIGURE 2.3.1. An illustration of concepts from Defini-
tion 2.3.1. The finite lamination in question is L =
{p,q, r, s, t,T1,T2,T3}. The triple T1 is leaf-like, and is
adjacent to both the bud p and the leaf s. Its long edge is
therefore {α, γ}, its short edge is {α, β}, and its empty edge
is {β, γ}. The classT3 is adjacent to both q and r. The triple
T2 is not leaf-like, and is not adjacent to any other class. The
arc under the leaf t is [x, y]. There are no arcs under s. The
arcs under the different edges of T1 are [α, β], [β, γ], and
[γ, α].
(1) Td is adjacent to both d′ and m.
(2) If r > 0 is such that gr(m) = c′, then the last triangle Tl is equal to
gr(Td). Further, if 0 ≤ k ≤ r, then gk(Td) is leaf-like and adjacent
to gk(m). In particular, the last triple is leaf-like and adjacent to c′.
(3) If 0 < k ≤ r, the short edge of Td facing d′ maps under gk to an
empty edge of gk(Td).
(4) The long edge of the last triple is adjacent to `.
By replacing c with d above, we obtain the definition of a d-lamination L.
More precisely, we say that (L, g) is a d-lamination if there is a triple Tc,
a preimage m(L) = m of d, and a preimage `(L) = ` of c such that the
following holds.
(1) Tc is adjacent to both c′ and m.
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c
d
g(c) = c′
g(d) = d′
c−1 =m
d−1 = `
T1
T2
T3
a0
a1
a2
b0
b1
b2
x`
y`
g(x`)
g(y`)
FIGURE 2.3.2. A simple c-lamination. Like-shaded ver-
tices are in the same orbit. The monotone sequence of inter-
vals is ([a0, b0], [a1, b1], [a2, b2], [g(x`), g(y`)]), g2(m) = c′
and r = 2. The monotone itinerary is (C,C,D,D), where
C denotes the {c,d}-unlinked class whose boundary is c,
and likewise D for d.
(2) If r > 0 is such that gr(m) = d′, then the last triangle Tl is equal to
gr(Tc). Further, if 0 ≤ k ≤ r, then gk(Tc) is leaf-like and adjacent
to gk(m). In particular, the last triple is leaf-like and adjacent to d′.
(3) If 0 < k ≤ r, the short edge of Tc facing c′ maps under gk to an
empty edge of gk(Tc).
(4) The long edge of the last triple is adjacent to `.
Given a c-lamination (L, g), we observe that a particular sequence of
intervals describes the maximal L-itinerary of d′ in the sense of Defini-
tion 2.2.2. Let {a0, b0} denote the endpoints of the short edge of Td, so
d′ ∈ K0 = [a0, b0]. As in Definition 2.3.2, let r denote the integer such that
gr(Td) = Tl. We then set ak = gk(a0) and bk = gk(b0) for each k ≤ r.
Since {ak, bk} is the empty edge of gk(Td), it is apparent from the defini-
tion of a c-lamination that Gk([a0, b0]) = [ak, bk] = Kk for any admissible
extension G of g and any k ≤ r.
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Let {x`, y`} be the endpoints of ` labeled so that Kr ⊂ [x`, y`]. Then
Gr(d′) ∈ Kr ⊂ [x`, y`] for any admissible extensionG of g. In other words,
the first r entries of the maximal L-itinerary of d′ are uniquely determined
by the images of the short edge of Td facing d′, i.e., empty edges of triples
gi(Td) (see Definition 2.3.2(4)). Then, from the moment r on, the images
of d′ cannot be described through images of edges of Tl because Tl is the
last triple and images of Tl are not defined.
However images of ` are defined and force the next uniquely determined
string of the maximal L-itinerary of d′. More precisely, we are guaran-
teed that Gr+k+1(d′) ∈ [gk+1(x`), gk+1(y`)] if the interval [gk(x`), gk(y`)]
contains no critical leaf. We define Kr+1 = [g(x`), g(y`)]. If Kr+k =
[gk(x`), g
k(y`)] is defined and contains no critical leaf, then we setKr+k+1 =
[gk+1(x`), g
k+1(y`)]. Since ` is eventually critical, for some N we have that
KN contains a critical leaf, and the process stops. If G is any admissi-
ble extension of g, then N is maximal such that GN |K0 is one-to-one. Set
N(L) = N .
Recall that C = {c,d}. It follows that if KN is not the closure of a
connected C-unlinked class then i0 . . . iN−1 is the maximal L-itinerary of
d′ (and of every point in the interior of K0). Choose iN to be a connected
C-unlinked class contained in KN . If KN is the closure of a connected C-
unlinked class, then this class must be iN and the maximal L-itinerary of d′
is i0 . . . iN−1iN .
The above introduced notation (number r, intervals Ki = [ai, bi], ` =
x`, y`, etc.) will be used throughout the paper when we talk about c-
laminations.
Definition 2.3.3. For a c-lamination (L, g), call K0, . . . , KN(L) the mono-
tone sequence of intervals. (As usual, the parenthetically indicated de-
pendence of the intervals or N upon L may be omitted.) The itinerary
imon0 . . . i
mon
N ) = itinmon(L) is called the monotone itinerary (of (L, g)).
Define a monotone sequence of intervals and a monotone itinerary of a d-
lamination similarly.
Remark 2.3.4. In this remark we use the notation from Definition 2.3.2
(in particular, r below is the positive integer such that gr(m) = c′ and
r ≤ N ). We claim that the true itinerary of m does not have imon0 . . . imonN =
itinmon(L) as its initial segment, because the orbit of m passes through c in
the first r steps, and itinmon(L) is non-critical. Let us also show that an ini-
tial segment of itintrue(`) cannot coincide with imonr . . . i
mon
N . This is because
either imonN ( KN , in which case the endpoints of Kn (i.e., the endpoints
of gN−r(`)) cannot lie within KN ; or gN−r(`) = d, while itinmon(L) is not
end-critical by definition.
The following is another consequence of the definition.
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Lemma 2.3.5. Let (L, g) be a c-lamination. Suppose (L′, g′) is a continu-
ation of (L, g) such that Tl(L) is still adjacent to `(L) and to c′ in L′. If
the true L′-itinerary of a non-degenerate L′-class z begins with itinmon(L),
then z lies in K0.
Proof. We will show by induction on t that (g′)N−t(z) ⊂ KN−t. Since g′ is
a continuation of g, we may use g and g′ interchangeably on L-classes.
That (g′)N(z) ⊂ imonN ⊂ KN follows by definition. Suppose by in-
duction that (g′)j+1(z) ⊂ Kj+1 for 0 ≤ j < N . We see that (g′)j(z)
is the unique class in imonj which maps onto (g
′)j+1(z). If j 6= r, then
(g′)j(z) ⊂ Kj since g′|imonj is order-preserving. On the other hand, if
j = r, then Kj+1 = [g(x`), g(y`)] and (g′)j(z) ⊂ [x`, y`] since g′|ir is
order-preserving. However, we assume that ` is adjacent to Tl and c′ in L′,
and (g′)j(z) is neither ` nor c′ by Remark 2.3.4, so (g′)j(z) ⊂ [ar, br] = Kr.
Hence, by induction, z ⊂ K0. 
Lemma 2.3.6 is an important inductive step in the construction.
Lemma 2.3.6. Let (L, g) be a c-lamination, and let τ = j0 . . . jMc be an
end-critical L-itinerary where M ≤ N(L) − 2. Then there is a backward
continuation (L′, g′) containing a leaf `(L′) such that the following claims
hold.
(1) The leaf `(L′) is a g′-preimage of c, and every leaf in L′ \ L is a
forward image of `(L′).
(2) The leaf `(L′) is adjacent to d′ and Td.
(3) The true itinerary of `(L′) begins with (imon0 , . . . , imonN ), ends with
τ , and these two segments of the itinerary are disjoint.
(4) The common last triple T l(L) = T l(L′) of both laminations is still
adjacent in L′ to both `(L) and c′.
(5) The length of the maximal L′-itinerary of d′ is of length at least
N(L) + 2.
Proof. We will construct (L′, g′) by adding a sequence of consecutive pull-
backs of c until we come to the leaf `(L′). We will use the following rule
when dealing with ambiguous pullbacks: any pullback into (x`, y`) must
be under the empty edge of Tl(L). (Any pullbacks into K0 would also be
ambiguous, but such will not occur until the last pullback we take in this
proof.)
Take iterative preimages of c along the itinerary τ , using the rules above
for ambiguous pullbacks. Note that no pullback is taken into the interval
K0, since τ is too short to contain the itinerary of any point in K0. Denote
the leaf so obtained by cτ . (Note that part or all of the orbit of cτ may
already be represented in L; we do not add extra copies in order to preserve
that (L′, g′) is a degree 3 finite lamination.)
18 ALEXANDER BLOKH, CLINTON CURRY, AND LEX OVERSTEEGEN
Next we consider the problem of finding a preimage of cτ in K0 which
increases the length of the maximal itinerary of d′. First let us show that
i0 = · · · = iN is impossible. Recall from the discussion before Defini-
tion 2.3.3 that iN is always a connected C-unlinked class contained in KN .
By the definition of the monotone sequence of intervals, KN−1 ⊂ iN ⊂
KN . Since the map g preserves orientation on iN and iN is an arc, it follows
that K0 ⊂ K1 ⊂ · · · ⊂ KN−1 ⊂ KN . Thus, K1 = g(K0) contains d′ and
is not the interval under an empty edge of g(Td), a contradiction with the
definition of a c-lamination.
Thus, we may assume that some of the sets imon0 , . . . , i
mon
N are distinct.
Choose a C-unlinked class C 6= imonN−1 which does not contain the common
image of the endpoints of imonN , and choose a C-unlinked class Z which
is neither imon0 nor i
mon
N−1. Then, if k > 1 is such that itinmon(L) contains
no string of Z’s of length k (denoted Zk), we choose the itinerary τ ′ =
i0 . . . iNCZ
kτ . Let us show that τ ′ contains exactly one copy of the string
imon0 . . . i
mon
N−1. Indeed, i
mon
1 . . . i
mon
N 6= imon0 . . . imonN−1 because not all entries
imon0 , . . . , i
mon
N are equal. Also, i
mon
2 . . . i
mon
N C 6= imon0 . . . imonN−1 because C 6=
imonN−1. No substring in τ
′ which ends with Z can be a copy of imon0 . . . i
mon
N−1
because Z 6= imonN−1. No copy of imon0 . . . imonN−1 can contain a string of k
Z’s by the choice of k. Finally, no copy of imon0 . . . i
mon
N−1 can begin with
Z, since Z 6= imon0 . So indeed, τ ′ contains exactly one copy of the string
imon0 . . . i
mon
N−1.
Now, construct preimages of cτ moving back from cτ along the itinerary
imon0 . . . i
mon
N CZ
k. By the previous paragraph, all such pullbacks are taken
outside ofK0 except the last. The last pullback `(L′) is to be taken inK0 by
Lemma 2.3.5, and we choose it to be adjacent to d′. Call the resulting lam-
ination (L′, g′). Now every point of the component of S1 \ `(L′) containing
d′ has maximal L′-itinerary beginning with imon0 . . . imonN and has length at
least N(L) + 2. This completes the proof. 
Given a c-lamination or a d-lamination L, denote by lo(L) = lo the long
edge of Tl = Tl(L) and by sh(L) = sh its short edge.
Lemma 2.3.7. Let (L, g) be a c-lamination, and let τ = j0j1 . . . jkc be an
end-critical L-itinerary for some k ≤ N(L)− 2 (see Definition 2.3.3). Let
t0t1 . . . tmd be an initial segment of the true L-itinerary of `(L). Then there
is a d-lamination (L′′, g′′) which continues (L, g) in two steps: (1) construct
(L′, g′) by τ as in Lemma 2.3.6, and then (2) add, in the appropriate way,
a segment of the orbit of Tl(L) which follows the orbit of `(L) so that an
initial segment of the true L′′-itinerary of Tl(L) coincides with t0 . . . tm.
Moreover, the maximal L′′-itinerary of d′ is of length at least N(L) + 2,
and `(L′′) = `(L′) has τ as a subsegment of its true L′′-itinerary.
CUBIC CRITICAL PORTRAITS AND POLYNOMIALS WITH WANDERING GAPS 19
The statement of Lemma 2.3.7 also holds, with appropriate swapping of
c and d related objects.
Proof. Let (L′, g′) be the backward continuation given by Lemma 2.3.6.
We shall continue (L′, g′) to a d-lamination which will be constructed by
adding images of Tl(L′) to (L′, g′) to obtain a d-lamination (L′′, g′′) with
`(L′) = `(L′′). Recall that since L is a c-lamination, there is also a leaf
`(L) which is different from `(L′). Let Tl = Tn.
Let s and t be such that gs(`(L)) = d and gt(d) = d′. Since lo is
adjacent to `(L) and sh is adjacent to the last class c′, we can define Tn+1,
. . . , Tn+s+t up to isomorphism so that for any i ∈ {0, . . . , s+ t} we have
(1) (g′′)i(lo) is adjacent to gi(`(L)), and
(2) one component of S1 \ (g′′)i(sh) contains no classes of L.
Note that by the properties of c-laminations all leaves gi(`(L)) are located
outside [x`, y`]. Hence the construction implies that Tn+i is outside of
[x`, y`] for all 0 < i ≤ s + t, which implies that the short edge sh of
Tn is still adjacent to c′ in L′′. It is now easy to verify that (L′′, g′′) is a
d-lamination and has all the desired properties. 
Beginning with any c-lamination (L0, g0), by Lemma 2.3.7 one can con-
struct an increasing sequence of critical laminations ((Li, gi))∞i=1, where
(Li+1, gi+1) continues (Li, gi). This is done on the basis of a sequence of
end-critical finite itineraries used in the applications of Lemma 2.3.7 as a
sequence τ . As we rely on Lemma 2.3.7, we continue a c-lamination to a
d-lamination, then to a c-lamination, etc. Each critical lamination contains
a triple T1, and the orbit of T1 is continued in each successive critical lami-
nation by adding a forward segment to the orbit of Tl(L) which follows the
orbit of `(L) and has the appropriate initial segment of its true itinerary.
In other words, on each step, when we continue L, we fulfill two tasks:
(1) create the leaf `(L′) = `(L′′) which has any given subsegment in its
true itinerary, and (2) add a segment of the orbit of Tl(L) which has a
subsegment coinciding with the appropriate (up to the critical leaf) subseg-
ment of the true itinerary of `(L). To go on with this construction we need
to choose finite itineraries which determine the construction on each step.
We can choose them to cover all possible itineraries. Then applying the
construction infinitely many times we obtain the limit lamination
⋃∞
i=1 Li
equipped with the limit map g, containing (combinatorially) a wandering
triangle which has an itinerary in which any finite itinerary shows at least
once.
3. REALIZATION AND DENSITY
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3.1. Realizing the combinatorial lamination. In this section, we show
that any c-lamination (L0, g0) can be continued (up to conjugacy by an
order isomorphism) to a σ3-invariant lamination L containing a wandering
triangle whose forward orbit is dense in the lamination. We first construct a
combinatorial lamination (L∞, g∞) with appropriate properties by repeated
application of Lemma 2.3.7. We show that g∞ restricted to the forward orbit
of T1 satisfies an expansion property (see Definition 3.1.2), and is therefore
conjugate to a restriction of σ3 to some subsetA. The 3-invariant lamination
L will be the closure of the induced lamination on A.
Recall that end-critical itineraries were defined in Definition 2.2.2.
Definition 3.1.1. A sequence (τn)∞n=0 of end-critical itineraries ending in c
is called full if the length of τn converges to infinity and for any finite pre-
critical itinerary τ ending in c there is an integer n such that the itinerary τn
ends in τ . Similarly we define a full sequence of pairwise distinct precritical
itineraries ending in d.
Let (L0, g0) be fixed for the rest of the section; we assume that the lengths
of the itineraries of c and d are both greater than two. Choose a full se-
quence of itineraries (τ cn)
∞
n=0 ending in c such that the following hold.
• The length of τ c0 is less than the length of the L0-itinerary of d′ by
at least 2, and
• The length of τ ci+1 is at most one more than the length of τ ci .
Similarly define (τdn )
∞
n=1. We then inductively define laminations ((Li, gi))∞i=1,
where even indices correspond to c-laminations and odd indices correspond
to d-laminations, as follows.
• If Li is defined for an even integer i = 2k, we use Lemma 2.3.7
with τ ck to obtain a d-lamination (Li+1, gi+1).
• If Li is defined for an odd integer i = 2k − 1, we use Lemma 2.3.7
with τdk to obtain a c-lamination (Li+1, gi+1).
Then
⋃Li = L∞ with the natural map g∞ is an infinite combinatorial
lamination with a wandering class T1 and a full set of preimages of both c
and d, i.e., exactly one leaf corresponding to each end-critical L0-itinerary.
Due to the properties of c- and d-laminations, the orbit ofT1 in (L∞, g∞)
is most easily analyzed in terms of “closest approaches”. For example,
Tl(L2k) is adjacent to c′ in L2k, so this constitutes a closest approach in
the lamination L2k. These sequences of closest approaches are particularly
important to us, so we will keep two sequences in mind: let (pn)∞n=0 be the
sequence so that Tpn = Tl(Ln), and set (kn)∞n=0 to be the sequence so that
Tkn is adjacent in Ln to the appropriate critical leaf, following its orbit in
a leaf-like manner to c′ or d′. Hence, we have k1 < p1 < k2 < p2 < . . ..
Further p1 − k1 = p3 − k3 = · · · = p2n+1 − k2n+1 = · · · , and p2 − k2 =
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p4−k4 = . . . = p2n−k2n = · · · since these are the lengths of the segments
of orbits from c to c′, and d to d′, respectively.
Recall that an edge (termed the short edge) of Tkn+1 is adjacent in Ln to
the image of a critical leaf, so no previous triple lies in the interval under-
neath that edge. In continuing its orbit, the images of this edge are adjacent
to the images of the critical leaf, so no previous triple lies under the corre-
sponding edges of Tkn+2, Tkn+3, . . . , Tpn . Similarly, the part of the disk
between Tpn and `(Ln), as well as the part of the disk between their first
pn+1−pn images, contains no previous triple. Observe that pn+1−pn →∞,
since (p2n)∞n=1 and (p2n+1)
∞
n=1 are monotone and must eventually accommo-
date all itineraries τ ci and τ
d
i .
We will work with the lamination LT = {Tn | n ≥ 1} with basis
AT =
⋃∞
n=1 Tn and the map gT = g∞|A. Note that AT is forward-invariant
under the map gT. We wish to show that gT is conjugate to a restriction of
σ3. To proceed we need Theorem 3.1.4; to state it we need Definitions 3.1.2
and 3.1.3. Recall that maps of degree 3 are defined right before Defini-
tion 2.1.4. Below we work with a set A ⊂ S1 which is considered with the
circular order on it; the topology of A as a subspace of S1 is ignored.
Definition 3.1.2. A map f : A → A of degree 3 is said to be topolog-
ically exact if for each pair of distinct points x, y ∈ A there exists an
integer n ≥ 1 such that either fn(x) = fn(y), or f([fn(x), fn(y)]A) 6⊂
[fn+1(x), fn+1(y)]A. If we want to emphasize the precise value of n, we
say that f maps [x, y]A out of order in n+ 1 steps.
Definition 3.1.3 (σ-extendable). A degree 3 map f : A→ A, A ⊂ S1 is σ-
extendable if for some σ3-invariant set A′ ⊂ S1 the map f |A is conjugate to
the map σ3|A′ : A′ → A′ and the conjugation is a circular order preserving
bijection. Any such A′ is called an embedding of A into σ3.
We can now state an important technical result proven in [4].
Theorem 3.1.4 ([4, Theorem 3.3]). If f : A → A ⊂ S1 is a topologically
exact map of degree 3, and A is countable without fixed points, then f is
σ-extendable.
Lemma 3.1.5. The map gT is σ-extendable of degree 3.
Proof. Let x, y ∈ AT be distinct points. We consider two main cases: either
[x, y]AT contains the edge of a triple or [x, y]AT contains vertices from two
distinct triples.
First, suppose that [x, y]AT contains the edge {a, b} of a triple Tk ∈ Li.
The idea of the proof in this case is based upon the fact that, by construction,
every edge of a triangle eventually becomes a long edge, at which point the
interval underneath which will map out of order. To make this more precise,
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assume that Tk ∈ Li where i is minimal and [a, b] ⊂ [x, y]. Then Tk maps
to Tn = Tl(Li); suppose that [x, y]AT has not mapped out of order by
this time. Let a′ = (g′)n−k(a) and b′ = (g′)n−k(b). If [a′, b′]AT contains a
critical leaf, then [x, y]AT maps out of order in n− k + 1 steps. Otherwise,
we have three cases.
(1) Suppose {a′, b′} is the empty edge of Tn, i.e., [a′, b′] contains no
classes of Li, and the other point of Tn is not in [a′, b′]. Consid-
ering Tn in Li+1, we see by Lemma 2.3.7 that {a′, b′} maps to the
long edge {a′′, b′′} of Tl(Li+1). Since order is preserved, [a′′, b′′]
does not contain the other point of Tl(Li+1), so [a′′, b′′] contains
both critical leaves. Since [a′′, b′′]AT maps out of order in one step,
[x, y]AT eventually maps out of order.
(2) Suppose {a′, b′} is the short edge of Tn. Then, by Lemma 2.3.7
{a′, b′} maps to the empty edge of Tl(Li+1). By the previous case,
we see that [x, y]AT eventually maps out of order.
(3) Suppose that {a′, b′} is the long edge of Tn. Since [a′, b′] does
not contain the endpoints of a critical leaf, [a′, b′] must contain the
empty edge of Tn. We have therefore already shown that [a′, b′]A,
and therefore [x, y]AT , eventually maps out of order.
Suppose now that x and y lie in different triangles Tm1 and Tm2 with
m1 < m2. In this case the idea of the proof is based upon the fact that
the arc [x, y] will eventually cover an endpoint of a critical leaf, then its
last critical value which, by construction, implies that it will cover an edge
of a triangle and by the previous case will map out of order. The formal
argument follows. Assume by way of contradiction that [x, y]AT never maps
out of order. Let Li be the first lamination in which Tm2 appears. Then Tm2
eventually maps to the last triple Tm2+k of Li which is leaf-like adjacent to
a last image of a critical leaf (say c′). Then, since Li is a c-lamination,
there is a, say, n-th pullback of d which is leaf-like adjacent to the long
(in the sense of Li) edge of Tm2+k. This pullback separates Tm2+k from
all triples in Li, including Tm1+k, so the interval [gk(x), gk(y)] contains
one of its endpoints. By the assumption we get that [gk+n+1(x), gk+n+1(y)]
contains the critical value g(c) in its interior. By construction, we see that
[gk+n+1(x), gk+n+1(y)] contains infinitely many triangles and hence by the
previous paragraph a higher power of g will map [x, y]AT out of order.
Since each interval between points of AT eventually maps out of order, g
is topologically exact. This proves that g is σ-extendable by Theorem 3.1.4.

Hence, gT is conjugate to a restriction σ3|A via circular order isomor-
phism h : AT → A for some A ⊂ S1. The map h is not unique; from now
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on we fix it. Set Tˆ1 = h(T1). Let us study properties of the σ3-orbit of Tˆ1
and its limit leaves.
Lemma 3.1.6. There are disjoint and unlinked critical chords cˆ and dˆ such
that
σk2n3 (Tˆ1)→ cˆ and σk2n+13 (Tˆ1)→ dˆ.
Proof. We will first find cˆ. Let (kni)
∞
i=1 denote a subsequence such that
{Tˆkni | i ≥ 0} are on the same side of c in L∞. Since h preserves order on
AT, it follows that σ
kni
3 (Tˆ1) converges to a chord cˆ. Indeed, since σ
m
3 (Tˆ1)
are pairwise disjoint convex sets, a subsequence of such sets can only con-
verge to a chord or a point in the circle. However, by construction on either
side of c in the combinatorial model there are images of T1. Hence the limit
of σkni3 (Tˆ1) must be a chord cˆ. In order to see that cˆ is critical we will use
that the edges of triangles under which σ3(cˆ) is located require more and
more time to cover T1 and, hence, σ3(cˆ) must be a point as desired. Now
we will implement this idea.
Suppose for contradiction that cˆ is not critical. Then a non-degenerate
interval I lies under σ3(cˆ), so there is a minimal N > 0 such that σN3 (I)
contains T1. This implies that one of the first N images of the short edge
of Tkni is neither short nor empty in Lni+1, with the interval underneath
either mapping out of order or containing T1. This contradicts the details
of the construction; recall that pni − kni+1 → ∞ so we can choose i so
that pni − kni+1 > N . Then the short edge of Tkni is short on the segment
of its orbit from kni + 1 to pni in Lni and is empty on the segment from
pni + 1 to kni+1 in the lamination Lni+1, and therefore does not contain T1.
Therefore, cˆ is a critical leaf.
Let dˆ be a critical chord obtained similarly from Tk2n+1 . In principle, it
is possible that four chords leaves can arise this way: two for each side of
c and d. However, since g∞(c) 6= g∞(d) and h preserves order, it follows
that σ3(cˆ) 6= σ3(dˆ). There is no room for another critical chord unlinked
with cˆ and dˆ, so Tk2n → cˆ and Tk2n+1 → dˆ. 
Let Θˆ denote the critical portrait {cˆ, dˆ}.
Lemma 3.1.7. The critical portrait Θˆ has aperiodic kneading.
Proof. By Lemma 2.3.7 for each n the first segment of length p2n+1 − p2n
of the itinerary of σ3(cˆ) equals the itinerary of T1 from Tp2n to Tp2n+1 as
given by L2n+1. By construction, as we vary n, the initial segments of the
itinerary of σ3(cˆ) will have to contain all itineraries τ ci , so the itinerary of cˆ
cannot be periodic. 
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According to Theorem 1.2.5, there is a unique Θˆ-compatible lamination
∼Θˆ=∼. The quotient J∼ = S1/∼ is a dendrite, with corresponding quo-
tient map p : S1 → J∼. Denote by L∼ the collection of (maybe degenerate)
boundary chords of convex hulls of all ∼-classes. As in [17] the set L∼
can be interpreted geometrically. For each Θˆ-itinerary τ there are unique
preimages of cˆ and dˆ which are pullbacks corresponding to τ . Note that the
closures of the preimages of cˆ and dˆ generate a Θˆ-compatible lamination,
which equals L∼ by the uniqueness of the Θˆ-compatible lamination (Theo-
rem 1.2.5); it is therefore not difficult to see that preimages of cˆ and dˆ are
dense in L∼.
Lemma 3.1.8. The triangle Tˆ1 is a ∼-class which is a wandering trian-
gle, cˆ and dˆ are the critical ∼-classes, and the forward orbit of p(Tˆ1) is
condense in J∼.
Proof. By Theorem 1.2.5, Tˆ1 is contained in a finite ∼-class w. Since Tˆ1
is wandering, so is w. By [3, Theorem A] (see also [8]), it follows that
Tˆ1 = w and the critical ∼-classes are cˆ and dˆ.
That the forward orbit of p(Tˆ1) is condense in J∼ is equivalent to the
forward orbit of Tˆ1 being dense in L∼ in the sense that every leaf in L
can be approximated arbitrary well by an edge of some TˆN . As discussed
above, it suffices to show that every critical pullback is approximated by the
orbit of the triangle Tˆ1 arbitrarily well. Choose a precritical itinerary τ of
length N with the last entry cˆ and let ˆ`τ be the pullback leaf of cˆ in L∼ with
itinerary τ . Since cˆ is a ∼-class, so is ˆ`τ .
By construction, for every pullback c˜ of c in the combinatorial lamination
there is a triangle “close” to it which follows the itinerary of c˜ up to the
point that c˜ maps to c. This will imply that in the σ3-implementation of this
combinatorial lamination the corresponding triangle can be chosen arbitrary
close to the corresponding critical pullback of cˆ. The formal proof of this
fact is given below.
Choose a sequence of precritical itineraries τ cui , whose lengths approach
infinity, all of which in the end have a segment coinciding with τ . By con-
struction and Lemma 2.3.7, in the lamination L2ui there is a leaf `(L2ui−1)
which is a pullback of c exhibiting itinerary τ cui right before it maps to
c. This implies that the appropriate image of `(L2ui−1) is the leaf `τ with
itinerary τ . Moreover, the last triangle Tl(L2ui−1) is adjacent to `(L2ui−1)
in L2ui−1, maps to the triangle, denoted here Ti, which is adjacent to `τ and
then to the triangle Tk2ui adjacent to c in L2ui .
Let us show that then Tˆi converges to ˆ`τ . Indeed, as in the proof of
Lemma 3.1.6 we may assume that a sequence of triangles Tˆi converges to
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some chord ˆ`from one side. Then σN3 (Tˆ
i) = Tˆk2ui and by continuity σ
N
3 (
ˆ`)
equals the limit of the triangles Tˆk2ui which, by Lemma 3.1.6, is cˆ. On the
other hand, by construction the itinerary of ˆ`before that moment coincides
with τ up to its last entry. Hence ˆ`= ˆ`τ as desired. Since τ was an arbitrary
precritical itinerary ending with c and since the same arguments can be used
if it ends with d, we conclude that in fact any pullback leaf of a critical leaf
in L∼ is a limit leaf of the forward orbit of Tˆ1, and so, as explained above,
the forward orbit of p(Tˆ1) is condense in J∼. 
Lemma 3.1.9. L contains an order isomorphic copy of (L0, g0).
Proof. The preimage of the sequence (Tk2n) corresponding to the itinerary
τ converges to a leaf cˆτ , and likewise for (Tk2n+1) and d. The collection of
all such leaves for every itinerary τ represented in (L0, g0), as well as some
forward images of cˆ and dˆ, then forms an order isomorphic copy of (L0, g0)
in L. The straightforward details are left to the reader. 
Given a full sequence of end-critical itineraries ending in c and a full se-
quence of end-critical itineraries ending in d, we can find the critical portrait
Θ from Theorem 3.1.10 so that a sublamination of ∼Θ is order isomorphic
to the lamination (L∞, g∞) constructed on the basis of these two full se-
quences of end-critical itineraries by repeated application of Lemma 2.3.7.
Hence, we have proven the following theorem (recall the the notion of con-
density was introduced in Subsection 1.2.2.
Theorem 3.1.10. If (L0, g0) is a c-lamination, then there exists a critical
portrait Θˆ such that the following hold.
(1) Θˆ has aperiodic kneading.
(2) ∼Θ has a wandering class T1 consisting of three points.
(3) The orbit of T1 is condense in the quotient space S1/ ∼Θ.
(4) A subcollection of∼-classes forms a finite dynamical sublamination
which is conjugate to (L0, g0).
3.2. Locating combinatorial laminations inA3. In this section, we show
that the collection of critical portraits corresponding to the σ3-invariant lam-
inations given by Theorem 3.1.10 is dense in the space of all critical por-
traits with the compact-unlinked topology (see Definition 1.2.3). To do so,
we take a critical portrait Θ and construct a c-lamination (L, g) such that the
critical portrait of any σ3-invariant lamination containing an order isomor-
phic copy of (L, g) is close to Θ. The critical portrait of any σ3-invariant
lamination given by Theorem 3.1.10 for (L, g) is then close to Θ.
To do so, we make the observation that certain dynamical behaviors in
invariant laminations tell us where particular points of the circle can be
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located. For example, if there are points a, b ∈ S1 such that σ3(a) < a <
b < σ3(b) in counter-clockwise order on the interval [σ3(a), σ3(b)], we have
either 0 ∈ (a, b) or 1/2 ∈ (a, b). We can use this sort of information to
pinpoint the locations of critical portraits to high precision. Let Ac(Θ) be
the component of S1 \Θ which is an arc whose endpoints are the endpoints
of c. Define Ad(Θ) similarly. Given a leaf ` contained in a connected
component H of a Θ-unlinked class, let I` be the arc in H with the same
endpoints. We often refer to I` as being under `; note that this is compatible
with the previous definition of “under a leaf”, but not “under the edge of a
triple”.
Definition 3.2.1 (Settled lamination). Let (L, g) be a critical lamination
with two disjoint critical leaves Θ = {c,d} such that the following condi-
tions hold.
(1) At least one of the following conditions hold.
(a) There exists a leaf `x ∈ L such that I`x ⊂ Ig(`x) ⊂ Ac(Θ).
(This models the case where I`x is a short interval containing 0
or 1/2.)
(b) There exists a leaf `x ∈ L such that I`x ⊂ Ig2(`x) ⊂ Ac(Θ)
and Ig(`x) ⊂ Ad(Θ). (This models the case where I`x is a short
interval containing 1/4 or 3/4.)
(2) (L, g) contains disjoint preimages `y and `z of `x, each contained
entirely within a connected component of a Θ-unlinked class not
coinciding with the Θ-unlinked class which contains `x.
(3) The finite orbits of c and d in L are disjoint from I`x ∪ I`y ∪ I`z and
do not contain periodic points.
(4) Every class of L is either an image or a preimage of c or d.
Then we call (L, g) a finite settled lamination.
The advantage of settled laminations is that for them one can define not
only L-itineraries but also itineraries with respect to the hypothetical points
x, y, and z represented by Ix, Iy, and Iz. This can be used to locate, with
any given precision, a cubic critical portrait whose geometric lamination
contains an order isomorphic copy of (L, g). Denote by R1/2 : S1 → S1 the
rotation R1/2(x) = x+ 1/2 mod 1.
Lemma 3.2.2. Let Θ′ be a cubic critical portrait and U be a neighborhood
of Θ′ in the compact-unlinked topology. Then there exists a finite settled
lamination (L, g) with critical classes c and d such that, if Θ′′ is the critical
portrait of a lamination containing an order isomorphic copy of (L, g), then
either Θ′′ ∈ U or R1/2(Θ′′) ∈ U . Moreover, (L, g) can be continued to a
c-lamination.
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x = 0
c
d
d′ = σ(d)
z = σ2(d)
c′ = σ(c)
y = σ2(c)
ℓx
ℓy
ℓz
ℓc′
ℓd′
FIGURE 3.2.1. A c-lamination constructed as in the proof
of Lemma 3.2.2, with M = 1 and N = 2.
Proof. Let Θ′ = {c′,d′}. There are cases to consider: either Ic′ contains a
fixed point (equivalently σ3(c′) /∈ Ic′), or Id′ contains a fixed point (equiv-
alently σ3(d′) /∈ Id′), or Ic′ and Id′ each contain a period two point and no
fixed point (equivalently σ3(c′) ∈ I ′c and σ3(d′) ∈ Id′). We consider the
case that I ′d contains 0; without loss of generality, the only other case is the
third, and we leave its consideration to the reader.
Given t ∈ S1, let W (t) = (w0(t), w1(t), . . . ) be a sequence of arcs
(0, 1/3), (1/3, 2/3), (2/3, 0) or points 0, 1/3, 2/3 such that σj3(t) ∈ wj(t)
for all j ≥ 0. The initial segment of W (t) of length k is denoted by Wk(t).
It is easy to see that there are arbitrarily large numbers N > M and
a critical portrait Θ = {c,d} with c,d disjoint which have the following
properties.
(i) The leaves c and d are disjoint from {k/12, k = 0, . . . , 11}.
(ii) {σN3 (c), σN3 (d)} = {1/3, 2/3}.
(iii) Any critical portrait Θ′′ with two critical leaves c′′,d′′ such that
WM(d
′′) = WM(d) and WM(c′′) = WM(c) belongs to U .
From now on we fix Θ. Since the endpoints of Θ are strictly preperiodic,
Theorem 1.2.5 implies that ∼=∼Θ (defined in Definition 1.2.4) has several
properties. In particular, {0} = x, {σN3 (d)} = y and {σN3 (c)} = z are
∼-buds.
Also, c and d are ∼-classes. To see this, suppose g is the ∼-class con-
taining c. Since σN3 (c) = z is a bud, we have that σ
N(g) = z, so g is finite
and non-periodic. If σ3(g) is not degenerate, then it is at some point critical,
and hence contains d. We then see that g eventually maps to σN3 (d) = 2/3,
but this is a contradiction, as neither 1/3 nor 2/3 ever maps to the other.
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We will now define the required settled lamination by identifying a finite
sublamination of the lamination ∼. Thus, in what follows we will consider
preimages and pullbacks of leaves in the sense of the lamination ∼. Let
d−1, . . . ,d−N denote repeated preimages of d into Ad. Note then that 0 ∈
Id−N ⊂ . . . ⊂ Id−1 ⊂ Ad. It is also apparent that 0 is the only point of the
forward orbits of c and d which lies in Id−N (any forward image of c or d
maps to 0 in at most N steps and no point in Id−N does so except for 0).
We set `x = d−N and choose preimages `y and `z of `x to satisfy y ∈ I`y ,
z ∈ I`z .
Let us show that `y is contained in one component of the Θ-unlinked class
Q containing y. Indeed, by way of contradiction suppose that `y intersects
two components of Q. Then `y separates c from d. Hence σ3(`y) = `x
separates σ3(c) from σ3(d). Therefore, I`x contains either σ3(c) or σ3(d),
a contradiction. Moreover, no point of the forward orbits of c and d enters
I`y ∪ I`z except for y and z.
Since σN+13 (c) = σ
N+1
3 (d) = 0 and N > M , we can pull back the leaves
`y and `z along the branches of the backward orbit of 0 towards σM3 (d)
and σM3 (c) respectively. Denote by I(σ
M+i
3 (d)) the pullback of I`y which
contains the point σM+i3 (d), and by `(σ
M+i
3 (d)) the ∼-leaf which has the
same endpoints as I(σM+i3 (d)). Observe that the only point of the orbits
of c,d in I(σM+i3 (d)) is σ
M+i
3 (d). Similarly, denote by I(σ
M+i
3 (c)) the
pullback of I`z which contains the point σ
M+i
3 (c), and by `(σ
M+i
3 (c)) the∼-
leaf which has the same endpoints as I(σM+i3 (c)). Here 0 ≤ i ≤ N −M so
that I(`y) = I(σN3 (d)) = I(y), I(`z) = I(σ
N
3 (c)) = I(z). Put I(x) = I`x .
Set
V = I(σM3 (d)) ∪ I(σM+13 (d)) ∪ . . . ∪ I(y)∪
I(σM3 (c)) ∪ I(σM+13 (c)) ∪ . . . ∪ I(z) ∪ I(x)
Note that all the intervals comprising this union are pairwise disjoint.
Consider the critical lamination L defined as
L = {σi3(c), σi3(d)}Mi=0 ∪ {d−j}Nj=1 ∪ {`(σM+i3 (c)), `(σM+i3 (d))}N−Mi=0 .
Define L̂ as L \ {σM3 (c), σM3 (d)} and set g = σ3|L̂. This defines the
settled dynamical lamination (L, g) whose only last classes are σM3 (c) =
c′, σM3 (d) = d
′. Moreover, by construction `(c′) is a preimage of d which
is adjacent to c′ in (L, g) and which maps to d−N by σN+1−M3 and then to
d by σ2N+1−M3 .
Consider a lamination∼ with critical portrait Θ′′ containing an order iso-
morphic copy of (L, g). We need to show that then Θ′′ ∈ U or R1/2(Θ′′) ∈
U . Set Θ′′ = {c′′,d′′}. Let h be the order isomorphism between (L, g)
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and the appropriate finite sublamination (L′′, σ3|L̂′′) of L∼ so that d′′ =
h(d), c′′ = h(c). The dynamics of g (and hence of σ3 on L′′) implies
that there is a σ3-fixed point in h(I(x)); without loss of generality we
may assume that this fixed point is 0 (otherwise we will apply R1/2 to ∼).
Moreover, h(I(y)) must contain one σ3-preimage of 0 not equal to 0 while
h(I(z)) contains the other σ3-preimage of 0 not equal to 0. Since h is an
order isomorphism and g = σ3|L̂, it follows that in fact I(y) contains the
same preimage of 0 as h(I(y)), and I(z) contains the same preimage of 0
as h(I(z)).
Now, the fact that (L, g) and (L′′, σ3|L̂′′) are order isomorphic implies
that WM(c) = WM(c′′) and WM(d) = WM(d′′). By the choice of M this
implies that Θ′′ ∈ U as desired.
Finally, we note that it is possible to continue (L, g) to a c-lamination.
Indeed, c′ and d′ are both adjacent to preimages of d. Moreover, it follows
from the above that the arc under `(d′) maps onto the entire S1 in the one-
to-one fashion (except for its endpoints) by σ2N+2−M3 . This allows us to
find the σ2N+2−M3 -preimage m of c adjacent to d
′ which does not map by
σ3 under the leaf ` adjacent to c′ until it (m) maps to c and then to c′. One
then adds a triple T1 leaf-like and adjacent to both d′ and to m very close
to m so that the appropriate initial segment of the orbit of T1 follows the
orbit of m until m maps to c and then to c′. At this moment the image of
T1 is leaf-like adjacent to c′ and to `. The result is a c-lamination. 
We can now combine all of these ingredients to give a proof of our main
result. Recall thatWT3 is the family of all cubic critical WT-portraits.
Main theorem. For each open U ⊂ A3 there is an uncountable set B ⊂
U ∩ AP3 ∩WT3 of critical portraits Θ such that the following facts hold:
(1) there exists a wandering branch point in J∼Θ whose orbit is con-
dense in J∼Θ;
(2) all maps f∼Θ|J∼Θ ,Θ ∈ B, are pairwise non-conjugate;
(3) for each Θ ∈ B there exists a polynomial PΘ such that PΘ|JPΘ is
conjugate to f∼Θ|J∼Θ .
Proof. Fix an open set U ⊂ A3 and full sequences of precritical itineraries
(τ cn)
∞
n=1, (τ
d
n )
∞
n=1 ending in c and d respectively. By Lemma 3.2.2 for the
neighborhood U there exists a finite settled lamination (L0, g0) and a con-
tinuation (L′0, g′0) of (L0, g0) such that (L′0, g′0) is a c-lamination. Then by
Theorem 3.1.10 there is a σ3-invariant lamination ∼ continuing (L′0, g′0)
satisfying (1).
Let now prove claim (2) of the theorem. Let Θˆ be the critical portrait
of ∼. Since ∼ continues (L0, g0), it follows by Lemma 3.2.2 that Θˆ ∈
U ∩AP3∩WT3. Consider the set Bˆ of all critical WT-portraits constructed
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in this way. It remains to show that there is an uncountable subcollection
of Bˆ such that the corresponding topological polynomials are pairwise non-
conjugate. Recall that the construction of laminations is done on the basis
of Lemma 2.3.7 (see the comment after Lemma 2.3.7). Since the images of
the points σ3(cˆ), σ3(dˆ) shadow longer and longer segments of the forward
orbit of Tˆ1, then the Θˆ-itineraries of cˆ and dˆ are completely defined by
the behavior of the triangle Tˆ1. On the other hand, the behavior of the
triangle Tˆ1 is completely defined by the sequences of itineraries (τ cn)
∞
n=1
and (τdn )
∞
n=1. Hence the Θˆ-itineraries of cˆ and dˆ are completely determined
by by the sequences of itineraries (τ cn)
∞
n=1 and (τ
d
n )
∞
n=1.
Suppose that two pairs X and Y of full sequences of itineraries differ,
and denote the critical portraits ΘX = (cˆX , dˆX) and ΘY = (cˆY , dˆY ) as
constructed above. Let us show that the itineraries of σ3(cˆX) and σ3(cˆY ) in
their respective laminations are distinct. Without loss of generality, suppose
that for some integer n the itineraries of gXn (cX) and g
n
Y (cY ) coincide until
a certain moment when the following holds:
(1) the triangles Tl(LXn , gXn ) and Tl(LYn , gYn ) are adjacent to gnX(cX)
and gnX(cY ), respectively;
(2) the trianglesTl(LXn , gXn ) andTl(LYn , gYn ) are also adjacent to `(LXn , gXn )
and `(LYn , gYn ) which they will shadow according to the construc-
tion;
(3) the itineraries of `(LXn , gXn ) and `(LYn , gYn ) are distinct because they
were constructed using distinct itineraries from X and Y .
Hence, the itineraries of σ3(cˆX) and σ3(cˆY ) are also distinct. This implies
that if X 6= Y , then ΘX 6= ΘY and the critical itineraries of ΘX and ΘY
are distinct. Therefore in any open set in A3 there are uncountably many
critical WT-portraits (as there are uncountably many distinct pairs of full
sequences of itineraries with each itinerary ending in c or d). In terms of
their topological polynomials, fΘX and fΘY may yet be conjugate, but can
only differ by the labeling of their critical leaves. There is therefore an
uncountable subset of critical portraits in U ∩ A3 ∩ WT3 whose induced
topological polynomials on their topological Julia sets are pairwise non-
conjugate. This completes the proof of (2).
To prove (3) observe that by Kiwi’s results (see Theorem 1.2.5) for each
topological polynomial f constructed above there exists a complex polyno-
mial P which is monotonically semiconjugate to the f on its Julia set. By
(1) all these topological polynomials f have points with condense orbits in
their topological Julia sets. Therefore by [2, Theorem 3.6(1)] P is conjugate
to f as desired. 
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